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Abstract
An algorithm for computing the medial axis transform of 2D polygonal domains
is presented. It exploits the full connectivity of the medial axis in polygonal do-
mains by advancing a previously known maximal inscribed disc through the feasible
branches of the medial axis to build. An analysis of the algorithm is given and some
results are shown.
1 Introduction
The Medial Axis Transformation (MAT) was introduced by Blum in [2] as a means to
describe shapes in biology and medicine. Currently the MAT has become an important
descriptive tool in several elds like modelling growth, path planning, feature recognition,
and nite element mesh generation. Since it provides a complete representation of a solid,
it can be used as an alternative representation in solid modellers.
Since the introduction of the MAT by Blum, several algorithms for determining the
MAT from other object representations have been published. The aim of these works is to
nd an algorithm which is robust, accurate, and ecient to carry out the transformation.
The present work points to the generation of the MAT from geometric boundary represen-
tations. An alternative method is presented here for computing the MAT of 2D polygonal
boundaries with arbritary genus. The resulting algorithm is conceptually simple and easy
to extend to 3D polyhedrals.
Several algorithms to determine the medial axis from a 2D polygonal boundary have
been proposed. Some algorithms [11, 12, 6, 7] use an oset process of the boundary
directed towards the interior of the object to compute the medial axis. This process is
analogous to propagation at uniform speed of a grass-re wavefront towards the interior of
a region. The locus of points where the wavefront meets itself corresponds to the medial
axis of the boundary region. Based on this idea, Montanari [11] developed an algorithm
for connected polygonal gures. Preparata [12] presented an O(n log n) algorithm for
computing the medial axis of a convex polygon and an O(n
2
) algorithm for concave
polygons. Gursoy and Patrikalakis [6, 7] developed an algorithm to compute the medial
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axis of multiply connected planar regions bounded by line segments, circular arcs and
general nonuniform rational B-splines. They also proposed an automatic nite element
mesh generation from the medial axis. Some other algorithms are based on Voronoi
diagram determination. Lee [10] developed an O(n log n) divide-conquer algorithm for
simple polygons. It begins with the computation of the Voronoi diagram for the polygonal
domain and then removes Voronoi edges at the concave vertices of the domain in order
to obtain the medial axis. Another related idea is to use the Delaunay triangulation for
deriving the medial axis as is done in [14, 8].
Other works use discrete and approximate techniques for computing the medial axis.
Some of them can be found in [4, 3, 9, 8]. These cited works dier in the boundary
representation used. Continuous medial axis for 3D polyhedra can be found in [15, 16].
A recent and thorough review of work on MAT can be found in [16].
The present work is based on the fact that the locus of centers of all maximal discs
inscribed in the polygonal boundary is the medial axis of the boundary. The algorithm
proposes discs to be maximal discs using boundary information. It then checks the max-
imal condition of the proposed disc. If the check is successful a medial axis point is
found and other discs are proposed to build the remaining medial axis. This approach is
dierent to the cited works that use a regrass analogy, Voronoi diagrams or Delaunay
triangulation, and is an alternative approach whose eciency and accuracy is analyzed
below.
The paper is organized as follows. Section 2 provides some basic denitions. Section 3
describes in detail the algorithm which is analyzed in section 4. Section 5 contains some
examples in order to illustrate the behaviour of the algorithm. Finally, Section 6 concludes
the paper.
2 Denitions
The section gives some denitions and describes the properties of the medial axis that are
important for the algorithm presented in the next section.
2.1 Medial Axis Transformation
There are several denitions about the medial axis. Suitable denitions related to the
present work are the following:
Denition 2.1 A disc is said to be maximal in a planar object if it is contained in the
object but is not a proper subset of any other disc contained in the object.
Denition 2.2 The medial axis of a planar object is the locus of the centres of all maximal
discs in the object, with the limit points of this locus.
Denition 2.3 The radius function of the medial axis of a domain is a continuous, real-
valued function dened on the medial axis whose value at each point is equal to the radius
of the maximal disc centred in the point.
Denition 2.4 The Medial Axis Transform of a planar object is its medial axis along
with its associated radius function.
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End point
Regular point
Junction point
Figure 1: Taxonomy of medial axis points.
In this paper, we shall consider polygonal domains in a 2-D Euclidean space with
arbritrary genus, straight edges with no two adjacent, colinear edges in the boundary. In
this context, the maximal discs that dene the medial axis can be tangent only to edges
and concave vertices in the boundary. The edges and concave vertices in the boundary
will be called active boundary elements.
Points in the medial axis can be classied according to the number of active boundary
elements which the maximal disc centred in the point is tangent to. The classication is
as follows (see gure 1):
1. Junction points: The maximal disc is tangent to three or more active boundary
elements.
2. End Points: An end point results from the intersection of the medial axis with the
domain boundary. These points are actually limit points of the medial axis where
the radius function has zero value. In our context, these points are the convex
vertices of the polygon.
3. Regular Points: The maximal disc is tangent to two dierent active boundary
elements. Those points in the medial axis that are neither junction points nor end
points are regular points.
Every connected subset of points of the medial axis bounded by two points each of
which is either a junction point or an end point, denes a medial axis branch. A junction
point or an end point of the medial axis will be called also a key point. This last denition
will be extended below for the needs of medial axis representation and computation.
In terms of geometric representation, a medial axis of a polygon, can be seen as a graph
where one node represents some key point of the medial axis and a single arc representing
a branch geometry. However, for simplicity, we want to restrict the branch geometry to be
a single geometric element as an edge or an arc of parabola. There are some cases where
a branch consists of a sequence of edges and arcs of parabola linked among some regular
points of the medial axis. These regular points are shared points between dierent edges
or arcs of parabola of the branch sequence and will be named as Path Geometry Change
Points. They are also considered as key points and will be nodes of the graph. Thus, an
end point, a junction point and path geometry change point are key points.
A path is dened as the subset of points connecting two key points. Thus, a branch
could be a path or a sequence of paths. An arc of the graph represents a path, and this
3
a b c
Figure 2: Generalized Voronoi diagrams for polygon elements
can only consist of either an edge or an arc of parabola. A path is computed from two
boundary elements. These elements are named governors of the path.
A maximal disc is tangent to two or more boundary elements. Tangent points are
named footpoints.
2.2 Path Shapes and Inuence Regions
A point in the medial axis is equidistant from two or more active elements on the domain
boundary. This fact gives strong relations between the medial axis and sets of points with
some equidistance function applied on them. Among all these point sets, the Voronoi
diagrams are particularly useful for our purposes.
Consider a collection of sets s
i
dened in 2-D Euclidean space. The Voronoi region
associated with s
i
, denoted by V R(s
i
), is the locus of points closer to s
i
than to any other
set. The Voronoi diagram of the collection, denoted as V D(s
i
), is the locus of points in
the space belonging to two or more Voronoi regions.
In the case that the set s
i
consists of one point, Voronoi region is known as the Voronoi
polygon, and the Voronoi diagram consists of vertices, named as Voronoi vertices, and
line segments known as Voronoi edges [13, 1].
Since we focus on polygonal objects, we will consider that sets s
i
are made from points
and open, straight segments. They will correspond respectively to concave vertices and
open, straight edges found in the polygon boundary. In this context, the generalized
Voronoi diagrams associated with every pair of active boundary elements are (see g 2).
1. Concave vertex-Concave vertex pair: straight bisector of the segment dened by the
pair of points. Fig 2a.
2. Edge to Concave vertex pair: arc of the parabola dened by the concave vertex as
its focus and the edge as its directrix. Fig 2b.
3. Edge-Edge pair: The straight bisector of the convex angle formed by the intersection
of the supporting lines of the edge pair. Fig 2c.
The algorithm to be presented uses the concept of inuence regions for some compu-
tations. In our context, the following denitions are introduced (see gure 3):
Denition 2.5 Let e be an edge of a polygonal domain boundary. Let V (e) be its Voronoi
polygon and let (ve
i
; ve
j
) be the pair of edges in V (e) through the endpoints of e. The
inuence region of e is the set of points bounded by edge e and the two half-lines supporting
the Voronoi edges (ve
i
; ve
j
).
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Figure 3: Inuence regions of polygon elements
Denition 2.6 Let v be a concave vertex on a polygonal domain boundary. Let V (v) be
its Voronoi polygon and let (ve
i
; ve
j
) be the pair of edges in V (v) incident to the vertex v.
The inuence region of v is the set of points bounded of v and the two half-lines supporting
the Voronoi edges (ve
i
; ve
j
).
An active boundary element can only determine a part of the medial axis shape in the
inuence region of the element. This fact is exploited by our algorithm.
3 The Algorithm
We begin this section dening an object named bubble which is widely used by the
algorithm. A bubble is a 4-tuple whose components are a radius and a centre from a disk,
a path to be traced by the centre of the disc, and a list of all the boundary elements
interferring the disc of the bubble (i.e. elements which intersect, are tangents to or are
contained in the disc). According to the contents of the bubble interference list, we
distinguish two kinds of bubble:
1. A Valid bubble for a planar object is one whose radius and centre dene a maximal
disc in the object, and whose list of interferring boundary elements only consists of
boundary elements which are tangent to the bubble. The centre of a valid bubble
is a medial axis point of the planar object.
2. An Invalid bubble is a bubble with an interference list containing intersecting bound-
ary elements or containing only one tangent boundary element or containing no
elements.
A valid bubble is classied by the algorithm considering its centre is as medial axis-
point. Thus, we will have the following kinds of bubble:
1. Regular bubble: A valid bubble of non-zero valued radius, with an interference list
containing only two tangent boundary elements.
2. End bubble: A valid bubble of zero valued radius, with an interference list containing
only two tangent boundary elements. Obviously, these two boundary elements are
adjacent and connected by a convex boundary vertex, where the valid bubble is
placed.
5
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Figure 4: States of bubble traversing: a) Convex polygon b) Simple polygon
3. Junction bubble: A valid bubble with an interference list containing only more than
two tangent boundary elements.
4. Path Geometry Change bubble: A regular bubble whose path geometry must be
changed for the bubble advancing in the medial axis branch. This can occur when
one or two footpoints of the bubble are in concave vertices. This will be explained
in detail below.
In order to nd the medial axis of a planar object, the algorithm proposes a new bubble
from a former valid bubble. The radius, the centre and the path of the new bubble are
proposed from the interference list of the former bubble. A new interference list is created
for the new bubble testing it against the boundary elements. In case the new list contains
only more than one boundary element tangent to the bubble disc, the bubble is valid and
its centre will be a medial axis point of the planar object. If it should not be so, the centre
of the bubble is not a valid point of the medial axis and a new bubble must be proposed
for nding a new valid medial axis point. Thus, the basic purpose of the method is to
propose bubbles verifying this condition, and to retain only the valid bubbles for building
the medial axis.
Proposal of a new bubble from a valid bubble is the key for a correct and fast be-
haviour of the algorithm. Moreover, we are interested in building a concise medial axis
representation. That is, a graph whose nodes are key points linked with their path ge-
ometries. This excludes regular points (excepting path geometry change points) as nodes
of the graph since they are represented by the path geometry linking two key points.
Since bubble proposal is based on a valid one, at the starting point of the algorithm
we need to provide a valid bubble. This can be satised proposing an end bubble placed
at a convex vertex on the polygonal boundary. Every polygonal boundary has always at
least one convex vertex. From this initial ending bubble the algorithm will search for a
junction bubble or path change geometry bubble. Figure 4 shows a bubble state diagram
followed by the algorithm at a rst level. When a junction bubble is found, the bubble
centre is a branching point of the medial axis. Hence, the junction bubble gives rise
to the creation as many new bubbles as overlapped pairs of tangent boundary elements
its interference list has, excepting the pair of tangent elements that make it possible to
reach the current junction bubble. These new bubbles keep the disc geometry of the
original junction bubble, but they have a new path and a new interference list. The new
6
interference list consists of a pair of tangent elements taken from the interference list
of the original bubble, and the new path is deducted from the pair of tangent elements
taken. For each new bubble, a search is done for another bubble whose centre should
be a key point of the medial axis, and the algorithm proceeds recursively for the new
bubble. End bubbles stop the recursivity as they terminate branches of the medial axis.
The only end bubble allowed for continuing the recursive procedure is the rst bubble
proposed. Path geometry change bubbles occur when their interference list contains one
or two elements as concave edges or vertices. At some points of the medial axis path,
when the footpoints of the bubble coincide with concave vertices, there is some ambiguity
for considering these elements as edges or vertices, and resolving this ambiguity is needed
for the correct geometry of the new bubble path to be determined. After it is done, the
bubble will can continue its advance through the medial axis shape.
The algorithm is as follows:
function BuildMA(Bubble;Boundary;MA) returns MA
Bubble := TraversePath(Bubble;Boundary);
MA := AddNewPointToMA(Bubble;MA);
if IsJunction(Bubble)
then
for each tangent pair t
1
; t
2
of Bubble list do
if :Historic(t
1
; t
2
)
then
Bubble := CreateBubble(Bubble; t
1
; t
2
);
MA := BuildMA(Bubble;Boundary;MA);
endif
endfor
else if IsPathGeometryChange(Bubble)
then
MA := BuildMA(Bubble;Boundary;MA);
endif
endfunction
The medial axis representation is updated by the AddNewPointToMA function tak-
ing the bubble centre as a new graph node linked to the last node and including the
path geometry of the current bubble. Note in the above algorithm that only end bubbles
stop the function recursivity beacuse of the reasons explained above. The TraversePath
function must always return a valid bubble centred at a key point of the medial axis and
is outlined as follows:
7
function TraversePath(OldBubble;Boundary) returns Bubble
Bubble := OldBubble;
repeat
Bubble := ProposeNewBubble(Bubble;Boundary);
if :IsEnding(Bubble)
then Bubble := Intersect(Bubble;Boundary);
endif
until AtKeyPoint(Bubble)
if IsJunction(Bubble)
then Bubble := SetHistoricElements(OldBubble;Bubble)
endif
endfunction
For a correct operation of the TraversePath function, the Bubble input parameter
must be a valid bubble with a list of two tangent boundary elements. All regular and
invalid bubbles can occur in the iteration of TraversePath function. In this sense, the
function acts as lter of those bubbles. In case the returned bubble were a junction bubble,
it is necessary to identify the two old boundary elements and set them as historics in order
not to repeat a medial axis path in the following steps of the algorithm.
3.1 Bubble Proposal
Proposal of a new bubble depends on the type of the current bubble. The algorithm will
proceed as follows:
function ProposeNewBubble(Bubble;Boundary) returns NewBubble
if :IntersectionInList(Bubble) then
if #Tangents(Bubble) = 2 then
if IsEnding(Bubble)_ BranchJunction(Bubble) then
NewBubble := NewDiscAndPathFrom2Tangents(Bubble)
else if IsPathgeometryChange(Bubble) then
NewBubble := ChangeSuitableGeometry(Bubble);
NewBubble := NewDiscAndPathFrom2Tangents(NewBubble)
else if IsRegular(Bubble) then
NewBubble := NewDiscBetweenBubbleCentreAndPathEndPoint(Bubble)
endif
else f Bubble intersects boundary g
NewBubble := NewDiscBetweenBubbleCentreAndPathStartPoint(Bubble)
endif
endfunction
The purpose of the ProposeNewBubble function is to compute a suitable disc for testing
its maximality in the boundary of the object. When a current bubble is centred on a
medial axis key point, its associated path must also be computed from the elements of
its interference list. Since a path is dened only by two active boundary elements, only
two elements are needed. Thus, in this function, a junction bubble will not do but the
junction bubbles created by the BuildMA function from a junction bubble can do. In the
8
ProposeNewBubble function we denote these created bubbles as branch junction bubbles
for distinguishing them from the true junction bubble.
All proposed paths are bounded, that is, they have a start point and an end point
and their computation will be explained below. Once the path of a bubble has been
computed, a disc centred at the end point of the path is placed, and the disc radius will
be the distance between the path end point and one of the tangent elements. In case
a proposed bubble fails to become valid after running the intersection function, a new
bubble disc must be computed without modifying its associated path shape. This is the
case of invalid bubbles. A new bubble will be computed as a result of placing a disc
between the current starting point and the current centre of the invalid bubble. The path
end point is modied by the invalid bubble centre. In the event of the current bubble
should be a regular bubble, the start point of its path is changed to the regular bubble
centre, and a new disc is computed placing it between the new start point and the current
end point of its path. Thus, a dichotomic subdivision of the path is made in the search
for a bubble placed at a key point of the medial axis.
In some concave polygonal boundaries, dichotomical subdivision of the path could
reduce the path length to a path of zero length and the bubble placed at the only regular
path end point. This case can occur when a footpoint of the bubble has reached a concave
end point of an edge. The edge must be discarded and its concave end vertex must be
considered for determining a new path geometry and the bubble will advance beyond
its old path end point (start point of the new path). The same occurs when a concave
vertex has exhausted all the possibilities of nding a bubble placed at a key point of
the medial axis. The edge having as starting point the concave vertex (in the direction
of the footpoints) must be considered in order to continue the medial axis branch with
a new path. These situations can also be found simultaneously by the two elements
of the interference list of the bubble. Once the geometry consideration of the elements
of its list has suitably changed, the path geometry change bubble is processed in the
ProposeNewBubble function in the same way as regular or branch junction bubbles.
An improvement to the bubble proposal consists in exploiting the interference list of
an invalid bubble. The new bubble to check must have the centre in the path shape at
the same distance from the last valid key point and from the boundary element of the
interference list with minimum distance to the last valid key point. The new centre must
be a valid point of the medial axis, and thus, a maximum of two bubbles are proposed for
each key point of the medial axis. This approach involves a search through the interference
list of the invalid bubble for nding the element with minimum distance to the last valid
key point. This method can be better than dicothomic subdivision of the path, because
oeach new bubble to propose must be checked against boundary elements.
3.2 Determining path shapes
In a polygonal boundary the possible paths of its medial axis are linear edges or parabolic
arcs according to the active boundary elements governing the path. We develop in this
section how the geometry of the path is determined from two active boundary elements
tangent to a known maximal disc. The distinction of these elements as concave vertex
or edge has inuence on the path geometry and limits as stated in the previous section.
Next, we will explain the three possible cases: edge-edge, concave vertex-edge, and concave
vertex-concave vertex.
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Figure 5: Edge to Edge case
3.2.1 Edge-Edge case
In this case, the algorithm has found two boundary edges tangent to a bubble. We name
these edges as e
i
and e
j
, and they are shown in gure 5. The bubble is placed at some key
point of the medial axis, and no bubble footpoints have gone through the edges e
i
and e
j
in the current building of the medial axis. In this example we assume that two footpoints
must traverse the edges e
i
and e
j
from vertex v
i+1
to v
i
and v
j
to v
j+1
respectively. In
other words, assuming the boundary is given in counterclockwise order, edge e
i
is seen as
a vector in the clockwise direction, which points to the new footpoints to be computed,
while e
j
is in counterclockwise order. Adding e
i
and e
j
results in a vector pointing the
direction the bubble has to follow in the next step. The resulting sum vector together
with the current bubble centre gives the path line where the bubble centre can be moved.
These line is in fact the bisector of the angle formed by the supporting lines of e
i
and e
j
,
and is the Voronoi edge corresponding to these edges.
Once the path geometry and direction is found, a bounds for this path must be deter-
mined. Obviously, the starting point of the path is the current bubble centre. The ending
point must be computed using the inuence region concept introduced in section 2.2.
Each edge e has a region where it can inuence the shape of the medial axis. The region
is bounded by the Voronoi edges passing through the vertices of the edge e and the edge
e itself. For a convex vertex, v
i
, its Voronoi edge is supported by the bisector line of the
inner angle formed by the two edges sharing vertex v
i
(see gure 5 where the bisector at
v
i
is b
i
, and the related edges are e
i
and e
i 1
). In the case of a concave vertex, it has two
Voronoi edges which are perpendicular to the two edges sharing the concave vertex. In
our case, the normal to edge e
j
, p
j
in gure 5, is the Voronoi edge needed with former
Voronoi edge b
i
for determining the inuence region due to edges e
i
and e
j
. In order to
compute the ending point of the path we must compute the intersection between each
voronoi edge (b
i
; p
j
) and the path line. The intersection point near the starting point will
be chosen as the ending point of the path (m
i
in gure 5).
The computed ending point of the path represents the farthest point that the bubble
can reach by the inuence of the two current tangent edges. Thus, a new bubble is
proposed, centering it at this path end point. The new bubble radius will be easily
determined computing the distance between the end point and one of the two current
tangent edges (e
i
or e
j
). For convex polygonal boundaries, the new bubble will become
a junction bubble. In the case of simple polygonal boundaries, the bubble could not be
valid because concave vertices or edges can invalidate the bubble position. In any case,
the possible valid bubble will be centered at some point in the line between the start point
and the end point of the path.
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Figure 6: Vertex to Edge case
3.2.2 Concave Vertex-Edge
In this case, the current valid bubble is tangent to a concave boundary vertex v
i
and a
boundary edge e
j
. These boundary elements cause the new path to be dened as an arc
of parabola as shown in gure 6. The shape of the parabola curve is dened by the focus
at v
i
and the directrix line on the edge e
j
. The arc of parabola can be parametrically
dened by three points as a second degree Bezier curve. Two points of these are used as
the end points of the path arc (i.e. curve paramater is in [0; 1] interval) and the third
point is obtained as the intersection of the two tangent lines at each end point. The
starting point of the path will be the centre of the current valid bubble. The end point is
obtained in a similar way as it was obtained in the edge-edge case. The end point will be
the intersection point of the path with the boundary of the joint inuence region of the
concave vertex v
i
and the edge e
j
, and pointed by the bubble direction. Two intersection
points are computed for nding the ending point. A rst intersection point is computed
from the parabola curve and the Voronoi edge at one of the two end points of edge e
j
where the bubble footpoint must lie. A second intersection point is computed from the
parabola curve and the Voronoi edge at concave vertex v
i
perpendicular to the edge where
a bubble footpoint tends to go (clockwise in our example). The path end point is the
intersection point nearest the path starting point of the two computed intersection points.
Proposal of the new bubble begins centring it at the path end point. The radius of the
bubble is determined computing the distance between the selected point and the vertex
or edge as given in the edge-edge case. If the new bubble fails to be a valid bubble, an
intermediate point between the starting point of the parabola and the centre of the invalid
bubble will be chosen. As the path is quadratic, the intermediate point could not be the
midpoint of the new arc dened. However, the midpoint is not necessary for converging
to the desired bubble. In the case that the new bubble is a regular bubble centred at the
end point of the path arc, the bubble will be a path geometry change bubble. Depending
on the conditions, either v
i
must be considered e
i 1
, or e
j
must be v
j
, or both, the bubble
to progress through the medial axis branch. For regular bubbles centre between starting
point and end point of the path arc, a new bubble centre must be proposed between the
current centre and the path ending point.
11
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..... ..... ..... ..... ..... ..... ..... .... ..... ..... ..... ..... ..... .....
.
.
..
.
.
.
..
v
i
v
j
m
j
m
i
a)
.
.
.
..
.
.
..
.
.
.
..
.
.
..
.
.
..
.
.
.
..
.
.
..
.
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..... ..... ..... ..... ..... ..... .... ..... ..... ..... ..... ..... ..... .....
.
.
..
.
.
.
..
v
i
v
j
b)
Figure 7: Vertex to Vertex case
3.2.3 Concave Vertex/Concave Vertex Case
This case causes a linear path of the medial axis in the perpendicular line to the line
joining the two concave vertices and passing through the midpoint between the concave
vertices. As in the former cases, the Voronoi edges at the two vertices are exploited for
computing the ends of the path due to the two involved vertices. However, it is not always
possible to nd the end points. As we can see in the gure b), the boundary half-lines
does not have to intersect with the path. There are no bounds for the path. In this
last case, in order to propose a new bubble, a search for a boundary element with the
minimum distance to the current valid point of the medial axis must be computed. Once
computed, a disc tangent to the element found and the vertices is computed taking into
account that the disc center is in the linear path.
3.2.4 Computing the bubble direction
When a new path is computed, a direction must be provided for advancing the bubble.
The preceding sections explains how the direction is computed using the directions of the
boundary elements governing the path. The directions of the boundary elements show
the progression of the footpoints for continuing the building of the medial axis and are
computed using a simpler algorithm. This algorithm is based on the topology of polygonal
boundaries and the index labeling of their elements.
Imagine the case of a simple polygonal boundary specied by a list of vertices in
counter-clokwise order. Each vertex of the list is numbered by its position in the list,
and edges are numbered according to the number associated with their starting vertices
respectively. Now, assume that the convex vertex (v
i
in the gure 8) is the rst endpoint
of the medial axis at the beginning of the computation. The medial axis path must point
to the boundary inside, and the progression of the two footpoints of the maximal discs
centred in the path connecting v
i
will proceed in a clokwise order towards edge e
i 1
and
in counter-clokwise order towards edge e
i
respectively (see gure 8). Since we derive the
medial axis progressively from the initial point v
i
, the footpoints directions must continue
through the remaining elements of the boundary. This initial point is kept up for further
operations of the algorithm.
Suppose now that the algorithm considers two edges e
k
and e
q
as governors of some
medial axis path, and it needs to compute the path direction. In other words, it needs the
directions of e
k
and e
q
. As the initial point of the medial axis and the initial directions
of the footpoints are known, a propagation of these directions through the boundary
reaching the involved edges is enough. In gure 8 we can see the directions of edges e
k
and e
q
when v
i
is the starting point of the medial axis. Index numbers associated to e
k
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Figure 8: Footpoint progression from a initial point of the medial axis
and e
q
are useful for nding out what directions must be assigned to them. Taking into
account the circularity of the numbers associated to the elements, the following algorithm
provides the correct answer.
if (k < i) ^ (i < q) then
e
k
is clockwise
e
q
is counter-clockwise
else if (q < i) ^ (i < k) then
e
k
is counter-clockwise
e
q
is clockwise
else if (k < q) then
e
k
is counter-clockwise
e
q
is clockwise
else
e
k
is clockwise
e
q
is counter-clockwise
endif
3.3 Testing the bubble
After a bubble disc is proposed, we must verify its condition of maximal disc and what
kind of bubble it is with respect to the domain boundary by computing the intersection
of the disc with all the elements of the domain boundary. Intersection of a circle with an
edge can be done in an ecient way using the following method [5]:
Assume an edge starting at vertex v
1
with direction ~e and parameterized so that
parameter t = 0 at the starting point, and t = 1 at the end point of the edge. Assume
also a circle with center C and radius R. In order to know if the edge intersects the circle,
the following steps must be done:
1. Compute a vector from the edge origin to the circle centre:
~
V
1c
=
~
C   ~v
1
and k
~
V
1c
k
2
=
~
V
1c

~
V
1c
.
2. if k
~
V
1c
k
2
< R
2
, where R is the radius of the circle, the edge origin is in the circle.
We can ensure that the edge intersects the circle (see gures 9a and 9b).
if k
~
V
1c
k
2
 R
2
it means only that the edge origin is out of the circle.
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Figure 9: Circle intersection
3. In the case of k
~
V
1c
k  R
2
more computations must be done in order to know the
relation between the edge and the circle. We begin computing the distance from
the edge origin to the edge point closest to the centre of the circle.
t
dmin
=
~
V
1c
 ~e
If t
dmin
< 0 the intersection is before the edge origin and since the origin is out of
the circle, the edge-circle intersection does not occur.
4. The distance D between the edge line and the circle centre can be computed using
the Pythagoras theorem:
D
2
= k
~
V
1c
k
2
  t
2
dmin
And from it we can make the following assertions:
(a) if D
2
> R
2
! edge does not intersect the circle.
(b) if D
2
= R
2
! edge is tangent to the circle and the intersection point is t
dmin
.
(c) if D
2
< R
2
! the edge line intersects the circle but the edge may not intersect
it. An intersection point must be computed and is deduced from
t
1
= t
dmin
  t
hc
where t
hc
=
p
R
2
 D
2
(see gure 9c). If t
1
 1 the edge intersects.
Note that the accuracy of D
2
= R
2
decides whether an edge is tangent or not and the
accuracy of t
1
= 0 or t
1
= 1 determines if the circle intersects an end vertex of an edge.
Thus, the correct performance of the algorithm depends on the accuracy of the above
operations.
The cost of intersecting the circle with the domain boundary can be improved reducing
the number of boundary elements to compute their intersection. For do it, a bintree is
proposed in order to keep a space subdivision of the 2D polygonal boundary. Intermediate
nodes of the tree contains axis aligned lines of plane subdivision. In the rst level of the
tree, the node can contain x-axis aligned lines separating two halfspaces, the second level
can contain y-axis aligned lines, and so on. A leaf of the tree contains boundary elements
inside the intersection of all halfspaces associated to the intermediate nodes traversed for
arriving to the leaf. A box of the proposed bubble disc is checked against the nodes of
bintree for extracting boundary elements included in the box. Since the tree is a binary
tree, fast pruning can be expected for boundary elements not included in the box.
4 Analysis
The algorithm presented here is sensitive to the shape of the polygonal boundary. For
a simple convex polygons, each bubble proposal is tested successfully. Tests are only
made when the bubble is placed at junction points. The test is necessary for knowing the
tangents to the bubble. The building of the bintree used for detecting the interferences
between elements and a proposed bubble can be done in O(n log n) time. The extraction
of candidates to interfer the bubble depends on the proposed bubble and the geometry of
the polygonal boundary. Extraction of the candidates for a bubble proposed in a convex
boundary can be done in O(log n) cost. Thus, the determination of the medial axis of
convex polygonal boundaries can be done in O(nlog n) cost.
In the case of concave polygonal boundaries, the algorithm has dierent behaviours.
The use of dicothomic search of the medial axis key point can give rise to the proposal
of many bubbles before the valid bubble is found. The \E" polygon example (gure 11)
given in the next section shows this fact. Nevertheless, if the algorithm computes the
element with minimun distance to the last valid medial axis key point, only two proposals
of a bubble are needed to nd the valid bubble. The minimum distance element is found
among the interfering elements of the rst bubble proposed for a given path. If few
elements are interfering the bubble, less computation is needed for nding the minimum
distance element. However, it depends on the shape of the boundary. If the boundary
tends to be approximately convex, a O(nlog n) time cost can be expected. Other cases
will be done in O(n
2
) time cost. When the boundary contains concaves edges as shown in
gure 6d, computation of the rst bubble involves a O(n) search of the minimumdistance
element. The relative amount of ocurrences of this last case in a polygonal boundary will
cause an O(n
2
) medial axis computation.
The accuracy of D
2
= R
2
in the bubble test is crucial for the correct running of the
algorithm. The tolerance given in the comparison establishes whether a boundary element
is tangent to the bubble or not. Moreover, edges near to tangency with the bubble can be
lost with dramatic consequences in the remaining performance of the algorithm. In the
case that a tested bubble has only a single tangent element, a proposal of a new bubble
with a radius slightly greater than the current bubble radius could improve the new test.
Same can be done for bubbles interferring nothing.
5 Examples
Some examples are given for illustrating the behaviour of our algorithm. Dicothomic
search of a key point is used in all the examples presented here. Obviously, the number of
bubbles proposed for concave polygons exemples can be reduced computing the minimum
distance element from the last valid key point. In gure 10 we can nd an example for
a convex polygon. In all the examples the minimum y coordinate vertex is taken as the
begining point of the medial axis (a in the gure 10). Computing the path from vertex
a results in the bisector of the edges ab and ae and bounded by the respective inuence
regions (gure 10B). The proposed bubble at the end of the computed path is tangent
to edges ab, ea and de and two recursive calls are made. One call is for computing the
medial axis branches due to edges ea and de, and the other due to the edges ab and de.
Obviously, the pair of edges ab, ea is not considered because the medial axis due to these
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Figure 10: Bubble proposal for an example of a convex polygon
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Figure 11: Bubble proposal for an example of a concave polygon
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Figure 12: Bubble proposal for an example of a concave polygon
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edges has already been computed before. The rst call (gure 10C) is resolved nding
another end point of the medial axis. Second call will cause more recursive calls as can
be seen in gure 10 D to F.
An example of a concave polygon is given in gure 11. Note that the second point
of the medial axis is determined after 13 bubble proposals (see the two rst rows of \E"
polygons). \E" polygons in the third and fourth places of the third row show a branch
geometry change. Also in the third row we can observe a deduction of a junction point at
the middle of the \E", after two bubble proposals. In part of the fourth row and fth row
we can see a recursive bisection of path parabola for seaching the next junction bubble.
The example given in gure 12 shows concave vertices whose Voronoi edges cannot
bind the computed paths. The rst polygon in second row shows the proposed bubble
resulting of computing it from a minimumdistance element to the last point of the medial
axis.
6 Conclusions
An algorithm for computing the medial axis transform of a 2D polygonal boundary has
been presented. It is based on the denition of medial axis transform as the locus of
centers of all maximal inscribed discs in the polygonal boundary. The concepts used in
2D space can be exploited in order to design an algorithm for deriving the medial axis
transform of 3D polyhedra. In 3D space, the bubble will be a sphere to be checked against
the faces, edges and vertices of the polyhedral. Path shapes will be bounded planes, and
bounded parabolic or hyperbolic surfaces. The limits of these shapes can be obtained
walking the sphere at key points of the 3D medial axis. Future work will be done in this
direction.
It is expected that the algorithm could be object oriented. That is, enlarging the
type of boundary elements (for example, arcs of circle, general curves and so on) new
methods could be included for determining path shapes and bubble checking without
changing top level procedures. Future work will include also the research of a suitable
data structure in order to further improve the eciency of the algorithm presented here.
A fast detection of concave vertices penetrating the interior of a proposed bubble could
improve the algorithm.
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